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Abstract 



Let (M™ , gr, V /), n > 3, be an expanding gradient Ricci soliton with 
nonnegative sectional curvature whose asymptotic cone is isometric to 
C(S" _1 (c)) where §"~ 1 (c) is the standard (n-T)-sphere of curvature 1/c 2 , 
with c £ (0, 1). We prove that if the convergence to the asymptotic cone 
is smooth, (M n , g,V f) is rotationally symmetric. This is the expanding 
analogue of the Perelman conjecture on the Bryant soliton and this work is 
based on the proof by Brendle |Brel2] . This has also been proved recently 
by Chodosh [Chol3| . 



1 Introduction 

An expanding gradient Ricci soliton (EGS for short) is a triplet (M n ,g, V/) 
where (M n ,g) is a Riemannian manifold and / is a smooth function on M n 
satisfying 

Ric+| =Hess(/). (1) 

Remark 1.1. Such a structure normalizes the metric and define the potential 
function f up to an additive constant. 

Such a soliton is said complete if (M n ,g) and the vector field V/ are 
complete. By |Zha08| . the completeness of (M n ,g) implies the completeness of 
V/. In this case, we can turn this structure into a solution to the Ricci flow 
defined on (— l,+oo) by 

g(r) = (l + r)<P*9, 

where {4> t )t is the one-parameter family of diffeomorphisms generated by the 
vector field V(— /)/(l + r). This solution is Type III, i.e. there exists a nonneg- 
ative constant C such that for any r € (—1, +oo), (1+r) sup M „ | Rm(g(r))| < C 
if the curvature is bounded on the manifold M n . According to Schulze and Si- 
mon |SS10j , EGS naturally arise as blow-up of non compact non collapsed Type 
III solutions with non negative curvature operator. More precisely, they proved 
the following : 
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Theorem 1.2 (Schulzc-Simon). Let (M n ,g) be a complete non compact Rie- 
mannian manifold (with bounded curvature) such that 

Vo\B(n r) 

Rm > and AVR(.g) := lim > 0. 

r— >+oo T n 

Let (rk)k be a sequence of positive real numbers tending to +oo and let p 6 M™. 
Then : 

(i) There exists a Type III solution (M, g(t)) t ^[o +oo) to the Ricci flow with 
3(0) =.9- 

(ii) Let gk{t) '■— r k 2 9( r kt)' k € N, be the solutions to the Ricci flow with ini- 
tial condition r^ 2 g. The sequence of pointed manifolds (M™ , gk(t),p)k Cheeger- 
Gromov subconverges to an EGS (Moo, 3oo(^),Poo)te(o,+oo)- 

(Hi) (Mqo, 9oo(t), Poo) Gromov-Hausdorff converges to the asymptotic cone 
(Coo(M"),doo,o) of(M n ,g) as t tends to 0. 
(iv) Finally, Coo(M") is homeomorphic to M^. 



Therefore, studying the asymptotic geometry of non compact non collapsed 
Riemannian manifolds with nonnegative curvature operator reduces to the clas- 
sification of (the asymptotic cones of) non negatively curved EGS. 

Now a few examples. As we are mainly interested in non negatively curved 
EGS, the hyperbolic case (constant potential function) is discarded. A fun- 
damental example is the Gaussian soliton (R n , eucl, |x| 2 /4). In dimension 2, 
any EGS with nonnegative curvature is rotationally symmetric since J(V/) is 
a Killing field, where J is the natural almost complex structure associated to 
any surface. Therefore, the soliton equation reduces to an ODE, it is shown 
in [Chap. 4, CLN06]] that there is a unique one-parameter family g c of such 
EGS, each metric g c being asymptotic to a euclidean cone of angle c g (0,1]. 
A similar construction in higher dimensions is due to H-D. Cao Cao97]. He 
built (Kahlerian) EGS on C™ with positive sectional curvature. As previously, 
it consists in a one-parameter family of rotationally symmetric metrics g c with 
c G (0, 1), each metric g c being smoothly asymptotic to the metric cone 

(^(S 2 "- 1 ),^ 2 -^^) 2 ^"-), 

on the euclidean sphere of radius c. Note that both the convergence to the 
asymptotic cone and the asymptotic cone itself are smooth. In particular, the 
asymptotic curvature ratios A k (g c ) of order k are finite for any nonnegative 
integer k where 

A k (g) := limsupr p (x) 2+fe |V fc Rm( 5 )|, 

for a non compact Riemannian manifold (M n ,g) and p £ M n . This definition 
makes sense since the limit does not depend on the base point p, moreover 
these invariants are scale invariant. Bryant, in unpublished notes, has also built 
rotational symmetric EGS on R™ for n > 3 with positive curvature [Section 5, 
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Chap. 1, ICCG+07] ]. This construction gives the whole classification of non 
negatively curved rotationally symmetric EGS. 

We now ask for the converse, namely, is a non negatively curved EGS with 
such an asymptotic geometry rotationally symmetric ? The main result of this 
paper answers positively : 

Theorem 1.3. Let (M n ,g, V/) be a complete EGS with nonnegative sectional 
curvature, i.e. K > 0. Assume the asymptotic cone of (M n ,g) is isometric to 
(C(S n ~ 1 ),dt 2 + (c£) 2 g§n-i), with angle c £ (0, 1] and assume the convergence to 
the asymptotic cone is smooth, i.e. A k (g) < +oo for any k. Then (M n ,g) is 
rotationally symmetric. 

Remark 1.4. The euclidean cone (C(S" _1 , dr 2 + (cr) 2 ggn-i)) has nonnegative 
sectional curvature if and only if c £ (0,1], the case c = 1 corresponds to the 
euclidean space (R",eucl). 

Remark 1.5. As the method of the proof of theorem ] l.SH is quite robust, there 
should have a Kahler analogue of theorem \1.S\ As the author is not an expert 
in this field, we leave the details of a potential proof to the interested reader. 

The proof of theorem 11.31 is based on |CDllj and |Brel2j . 

We investigated with C-W. Chen in |CD11] the asymptotic geometry of EGS 
with finite asymptotic curvature ratio, namely A(<?) = A°{g) < +oo. We proved 
that the asymptotic cones were metric cones (cf. theorem 11.61) . Moreover, in 
case of non negative Ricci curvature, the potential function is a proper strictly 
convex function equivalent to r p (-) 2 /4 (cf. lemma 2.2 in |CD11| ). In particular, 
its levels are diffeomorphic to a (n — l)-sphere and M n is diffeomorphic to R™. 
To sum it up, one has 

Theorem 1.6. [Chen-Deruelle] Let (Af™,<?, V/), n > 3, be a complete EGS 
with A k (g) < +oo for any k and Ric > 0. 

For p € M n , (M n ,t~ 2 g,p) t Gromov-Hausdorff converges to a metric cone 
(C(Sqo ), doo, Xoo) over a compact length space Soo- 

Moreover, 

1) C(Soo) \ {^oo} is a smooth manifold with a C°° metric g^ compatible 
with doo and the convergence is C°° outside the apex Xoq . 

2) (SooigSaa) where gs^ is the metric induced by goo on Soa, is the C°° limit 
of the rescaled levels of the potential function f , (M t 2 y 4 , t~ 2 g t 2 / 4 ) where g t i u is 
the metric induced by g on /~ 1 (t 2 /4) —: M t 2/ 4 . 

3) For t > minj\/n /, is diffeomorphic to §" _1 and so is Soo- 

Remark 1.7. Theorem \1.6\ was initially stated in \CDllf under the sole as- 
sumption A°(g) < +oo. Therefore, the convergence to the asymptotic cone was 
only C < a for any a G (0, 1). 

Nonetheless, the core of the proof of theorem ll.3l is essentially based on the 
proof of the Perelman conjecture on the Bryant soliton by Brendle |Brel2j . 
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The main difficulty to apply Brendle's argument is the lack of Shi's estimate 
for Type III solutions. Indeed, these estimates automatically hold for ancient 
solutions (e.g. stable or shrinking gradient Ricci solitons) [Chap. 6, [CLN06J. 
This is the reason why we impose the finiteness of asymptotic curvature ratios of 
any orders. From now on, we consider an EGS (M n , g,V /) with A k (g) < +00 
for any k > 0. We will assume non negative sectional curvature and precise 
the assumption on the asymptotic cone when needed. Following the notations 
of [Br el 2) . we define X := V/. Even if we mimic Brendle's proof, our proof 
substantially differs in the interpolation of almost-Killing vector fields (section 
5) and the analysis of Lichnerowicz equation (section 6). Finally, our approach 
is purely static (i.e. it does not use the Ricci flow except for a priori estimates 
in section 6). 

Now, we give the main steps of the proof of theorem 11.31 : 

1) It suffices to build n(n— l)/2 independent Killing vector fields orthogonal 
to X. Generally speaking, a Killing field U satisfies AU + Ric(£/) = 0. In the 
case of an EGS, this gives AU + WjjX — U/2 = 0. For technical reasons, it is 
easier to estimate the operator AU + V xU — U/2. 

Using the assumption on the asymptotic cone, the three first sections are 
devoted to build n(n — l)/2 vector fields (E/j), which are almost Killing (propo- 
sition 2H]). In particular, it is shown that the vector fields Ui grow linearly and 
the vector fields $(Z7j) decay sufficiently fast. 

2) Section [5] only uses the smooth convergence to the asymptotic cone. The- 
orem 15.31 establishes the surjectivity of $ in the following sense : we prove the 
existence of vector fields Vi with controlled growth 0(t e ) for e > small such 
that $(Vi) = $(t/j) for any i. In particular, this ensures that vector fields Ui — Vi 
are not trivial. 

3) Section [5] studies the rigidity of Lichnerowicz equation. In fact, the vector 
fields Wi Vi — Ui built previously lie in ker$. Now, ker$ is not reduced to 
Killing fields since X E kcr $. Theorem 16.41 shows that there exist real numbers 
Xi such that the vector fields Wi — XiX are Killing. Its proof consists in not- 
ing that the symmetric 2-tensors Sffw^g) ='■ hi satisfy Lichnerowicz equation 
h-i — J^x(hi) = Aj,(/ii) where Al is the Lichnerowicz Laplacian. This equation 
is exactly the static version of the heat equation for symmetric 2-tensors : if we 
define hi(r) := (1 + r)<j)*hi where (0 T ) T is the flow generated by —X/(l + r) 
then d T hi = A L g ^hi where g(r) = (1 + r)4>* T g is the associated Ricci flow to 
this EGS. Theorem 16.41 shows that the only solution with linear growth is, up 
to a dilation, J£x{g)- 

4) Section [7] concludes the proof of theorem 11.31 
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2 Covariant derivative estimates 

We recall first some basic and well-known curvature identities that hold on an 
EGS [PWlOj . As in [BreT2] . X := V/. 

Lemma 2.1. Let (M n ,g, V/) fee an SGS. T/iera : 



A/ = i?+2> (2) 

Vi? + 2Ric(X) = 0, (3) 

|X| 2 + i? = /, (4) 

divRm(g)(Y,Z,T) = Rm(g)(y, Z,X,T), (5) 

- Vx Rm = A Rm + Rm * Rm, (6) 



for any vector fields Y , Z , T where, if A and B are two tensors, A* B denotes 
any linear combination of contractions of the tensorial product of A and B. 

With the notations of theorem 11.61 this technical section estimates the co- 
variant derivatives of the curvature operators of the metrics (gt)t i n terms of 
the invariants A k (g)- 

Proposition 2.2. Let(M n ,g,Vf) be an EGS with A k (g) < +oo for any integer 
k > 0. Then, for any k > 0, 

limsupsup/^|V t ' fc Rm( 5t )l < c(n, k)(A k (g) + A fc_1 (</)), 

where V* is the induced connexion of (M t , g t ). 

Proof. By Gauss equations, one has, 

V t,fc Rm(ft) = V*' fc Rm(g) + V*' & det h t , 

where det h t {X, Y, Z, T) := h t (X,T)h t (Y, Z) - h t (X , Z)h t (Y \T) . 
Claim 1. For k > 0, 

r^sup|V*' fe det/i t | = O^" 1 ). 
Proof. By dehnition, one has, 

det/ lt = ^ F (Ric + f)*(Ric+|). 
Consequently, by @] of lemma 12.11 

Vdetfc = ^(V'Ric) * (Ric + f ) + (Ric + |)* 2 . 
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Hence the result for k = 1. In the general case, we observe that, 




Now, 

V*"' (r^) = 0(t-^), ifZ>0, 
V*' fe -* (Ric+|)* 2 = Oir*^), iffc-Z>0. 
The claim is proved. 

□ 

Claim 2. 

^sup|V*' fe Rm(g)| < sup(^|V fe Rm( ff )| +t i T ±H |V fe " 1 Rm( ff )|), 

as t tends to +00. 

Proof. For k = 1, one can write, 

V* Rm(» = V Rm(.g) + (V* - V) Rm(j) = V Rm( 5 ) + Rm{g) * fo- 
lly the decay of the second fundamental form and by using the assumption 

A 1 (<?) < +00, we get the case k = 1. In the general case, 

k-l 

V*' fc Rm(g) = V k Rm(g) + ^ V' Rm(. g ) * V k ~ l - l fo. 

1=0 

One estimates the second fundamental form as follows : 

V*'% = 0(i^), if fc > 0. 
Hence the claim. □ 
The two previous claims suffice to prove the proposition. 

□ 

3 Asymptotic geometry of (M n , g) 

The assumption made on the asymptotic cone says that the asymptotic geometry 
is close to the cone (C(§™ _1 ), dt 2 + (ct) 2 g§ n -i) where c~ 2 = 1 + A(g) in the sense 
of smooth Cheeger-Gromov convergence. The aim of this section is to quantify 
this convergence. This approach was already used in |BKN89j which is the 
cornerstone of the study of asymptotically locally euclidean manifolds (ALE). 
We begin with an easy but fundamental lemma. 
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Lemma 3.1. sup Mt | Ric(n)| = 0(t 2 ), as t tends to +00, where n :— y^jy- 
Proof. By ([3|), one has 

Ricln = ; — -. 

V ; 2\X\ 

We conclude by using the assumption A 1 (.9) < +00. 



□ 



Remark 3.2. This is consistent with the conical geometry of such an EGS. 
Indeed, in the case of a metric cone, radial curvatures vanish. In particular, 
they decay faster than spherical curvatures which decay quadratically. 

Let's estimate the intrinsic curvature of the levels of /. 

Proposition 3.3. 

sup I Rm(i- 2 5t 2 /4 ) - (1 + A(<?)) Id A 2 TMt2/4 I = 0(t- 2 ). 

M t2/4 

Proof. By Gauss equations : Rm(i~ 2 g t 2/ 4 ) = t 2 Rm(g)|M t2/4 +t 2 det ^2/4. Con- 
sequently, by (01, 

t 2 deth t 2 fi = A_| Mt2/4 det (Ric+|) =Id A 2 TA / t2/4 +0(t- 2 ). 

By using the decay of covariant derivatives up to the second order, the evolution 
equation ([5]) along the Ricci flow and (O, 

d t (tRm{g))\ Mt = Rm(g) + iV X /|xp Rm(sr)| Mt 
= Rm(s) + Vx Rm( 5 ) 

t — \X\ 2 

= -A Rm(g) + Rm(g) * Rm(g) + ' 1 V* Rm{g)\ Mt 



\X 

or 2 ). 



°(^ 2 ) + H^Vx Rm(j) 



Integrating along the spatial flow gives 

i 2 Rm( 5 )| A f t2/4 = A(g)Id A TAf t2/4 +0(t- 2 ). 
These two estimates suffice to prove the proposition. 

□ 

We are in a position to state the main proposition of this section : 
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Proposition 3.4. For any t large enough, there exists a metric g^ on M t 2 u 
with constant sectional curvature 1 + A{g) such that 

\\t~ 2 gv/i - Soo||c fe (Af t 2 /4 ,3co) = o(t~ 2+e ), 

for any e > small enough. 

Proof. By assumption, (M t 2 / 4 , t~ 2 g t 2 / 4 ) smoothly converges to (§ ra_1 , c 2 g§ n ~i =: 
5oo), where c -2 = 1 + A(<?) and proposition 13.31 shows that 

\K t - 2gt2/i -(l + A(g))\ = 0(t- 2 ). 

Invoking classical comparison theorems (Chap. 6, |Pet06| ) and using polar co- 
ordinates around any point of M t 2/ 4 , one gets for r £ (0, it/ (^1 + A(g))), 



m(r^/l + A(g) + e(t)) 2 sin(r^l + A(g) - e(t)) 
— - — 9S"- 2 S t g t 2/ 4 < — ff§"-2, 



^1 + Mg) + e(t) y/1 + A(g) - e(t) 

where e(t) = 0(i~ 2 ). Therefore, 

ll*~ 2 5t 2 /4 - 5oo||co(M t2/4 , goo ) = 0(t~ 2 ). 

Besides, covariant derivatives of the curvature of the metrics t~ 2 g t 2 u are 
uniformly bounded by proposition 12.21 We now apply Gagliardo-Nirenberg in- 
terpolation inequalities due to Aubin |Aub81 to the curvature of the metrics 

||V^'Rm(t- 2 5t2 /4)IU 

< C||V^ m Rm(£- 2 ^ 2/4 )||-|| Rm(t- 2 g t 2 /4 ) - (1 + A(. 9 )) Id A 2 TMt2/4 ||^ a , 

where C — C(n, m,j 7 q, r, a, Cs), Cs being the Sobolev constant of (S n_1 , c 2 g§ n -i) 
and 

7 /l m\ 1 — a 7 

-+a I H =0 ; q>l, r < oo, — < a < 1. 

n \r n J q m 

Hence the following estimate : 

sup |V*< fc Rm(;-V /4 )| = 0(t- 2+i ), 

for any e £ (0,2) and any integer k > 1. From these estimates, the assertion 
follows. 

□ 
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4 Existence of almost-Killing fields at infinity 

By the previous section, there exists n(n — l)/2 vector fields {/, on M t i /4 where 
t m := 2 m given by the metric goo, for any m, such that 



(i) sup |V*' fc C/f| = 0(^- fe ), Vfc>0, 



(«) l^ r (ff)lM t2m/ J = o(C +e ), Ve>0, 

(Hi) f (Ur,U™)dn t 2 m/4 = nAVR(g)t^ +1 5., 



Remark 4.1. All estimates are uniform in m G N. Similarly, the parameter e 
is uniform and can be chosen very small at the beginning. 

Define fl m :— M t i / 4t 2 = / _1 ([i^/4, t^]) and extend these vector fields 17™ 
to fi m such that [X,Upf^= 0. 

Proposition 4.2. 

(i) sup|V fc [/n = 0(4- fe ), Vfc>0, 

(it) swp\jft 7r (g)\ = 0(t^ +e ), Ve>0, 

(iii) su P Kc^.^>l = o(*m). 

(it;) sup \MJ? + V x Ur - Ul n /2\ = 0(t m 2+e ), Ve > 0, 

(«) / (C/r^r>^ t =«AVR(<?)^% + 0(^), ViG[f*,/4,&]- 

Remark 4.3. In general, a Killing vector field U on a Riemannian manifold 
satisfies AU + Ric(C/) = 0. In our case, Ric = VX — g/2 and by construction 
[U™,X] = 0, therefore, AU" 1 + Ric([/™) = AU" 1 + V X U™ - C/™/2. In a way, 
(iv) measures how far the vector fields U™ 1 are from being Killing. 

Proof, (i) First of all, sup M ^ /4 \V k U?\ = 0{t l ~ k ). 
Indeed, since [U™,X] = 0, 

WnUr = W\ WurX = ]x~\ {mc{un + ur/2) = 



As in the proof of proposition 12.21 we prove by induction that for any k, 



sup iv*in = o(c- fc ). 



Using the fact that V — V* — h t n, we conclude this first estimate. To prove (i), 
for k = 0, note that, 

X • |C/™| 2 = 2(VxU™, U?) = 2{V ur X, U™) 

= (2m C (ur) + ur,up)- 
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So that, 



x -i^i< 2| ^l + V 



|xp 1 4 |X| 

Integrating this inequality along the flow generated by the vector field X/\X\ 2 
and using the decay of the curvature gives the result for k = 0. 
For k = 1, using the soliton equation in the last line gives 

Vx(VUT)(F) = Vx(Vy[/r)-V Vjc yt/r 

= Vk(VxC/T) + Rm(I, r)f/™ - v VyX uf 

= V Y {V ur X) + Rm{X, Y)U? - VvyxU? 

= Vr(Ric(C/D) + Rm(I,y)(/r - V^y)^ 



Now, 



Consequently, 



X- I VI/" 1 1 < IVxVC/, 



A •ivL/n<^ivc/ri + or i ), on M t . 



As before, integrating this inequality along the spatial flow gives the result for 
k = 1. The proof of (i) for k > 2 is analogous. 

(ii) First, we check the estimate for Jjfu™(g) on Ms 2 /4- Indeed, if V is 
orthogonal to X, 

= (V ur x,V)-(ur n ,V v x) = o. 

And, 

j^ r ( 9 )(X,X) = 2(VxU t m ,X) = 2Ric(E/f\X). 



So, sup Mt2 /4 |if[/ r ( 5 )(n,n)| = 0(i m 4 )> by lemma GLU 

We extend this estimate to fl m . Since [J7™, X] = 0, note that, 

[jSSr , JSfbr ] (<?) = J2f[jc,DT] (.9) = 0. (7) 

Now, _S?x(T) = Vx? 1 + T + Ric ®T + T ® Ric, for any symmetric 2-tensor T. 
Therefore, if T := Jgfb«(ff), Vx^fe) = 2j^ r (Ric)-2jS^ r (flr)(g>Ric. Hence 
the estimate by using (O, 

* ■ I i^r (9)\<\Vx (g)\ < 2\mc\\£b r (g)\ + 0{r x ). 
As previously, this gives the result by integrating this inequality. 
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(iii) Using lemma I3~T1 gives : 

X-(ur,n) = (V x Ur,n) + ^'Z?^ + X~{UT,X) 

= 2 Ric(C7™, n) + (Ur, n) - ^Ric(n, n) + I) (n, U?) 

= ^f± + 0(t-h onM, 
Hence the result by integrating along the spatial flow. 

(iv) Note first that 

AC/™ + VxU™ -UJ n /2 = AC/™ + V ur X - C/™/2 = AC/™ + Ric(C/™). 

Now, AC/™ + Ric(C/™) = div(jSft^(5)) - V(tr(jSfbj» (<?)))/2. 

By (ii), sup nm |jgbj-(5)| = 0(t m 1+e ) and by (i), sup Qm |V fc jSfrm (<?)| = 
0(i~ fc ). Via Gagliardo-Nirenberg interpolation inequalities used in the proof 
of proposition 13.41 one has supQ m |V Jtfij™(g)\ = 0(t~? +e ), for any e > small 
enough. The result follows by the previous remark. 

(v) Idem : 

| / (C/™,C/™)^ = / (CZ™ C/™)^, 
./M t JM t l A I 



^((V X C/™,C/™) + (C7™, V x U?))diM 



I (UT,U?)£diH + 2 [ -l-(V ur X,U?)d» t 

JM t l A l «/ Mt l A l 

=£/ ^.c^ + o^*^ 



since 



2( J R-Ric(n,n)) + n- 1 n - 1 n ,,_ 3 / 2 N 

= m = w ( )- 

As Vol(M t ) = O^C"- 1 )/ 2 ), the estimate follows. 



□ 



The next proposition ensures the existence of global vector fields satisfying 
the same asymptotic properties as the vector fields C/™ do. Its proof is word for 
word the proof of proposition 3.2 of [Brel2j . 

Proposition 4.4. There exists n(n — l)/2 vector fields (Ui)i defined on (M n ,g) 
such that for any i, 
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(*) sup/— \& }i {g)\ < +00, (8) 
(it) sup |Ui| = 0(t), (9) 

(Hi) supf-^lAUi + VxUi-UiWK+oo, (10) 

(iv) f (f/f,C/f)d AttV4 = nAVR(5)t n+1 % + 0(r- 1 ), (11) 

•^2/4 

w/iere M< t 2 /4 := /^((-oo, t 2 /4]). 

5 Interpolation of almost-Killing vector fields 

We begin with a priori estimates of the norm of a vector field satisfying AV + 
WxV — V/2 — Q where Q is a vector field decaying sufficiently fast. 

Proposition 5.1. Let (M n ,g,Vf) be a complete EGS such that Ric > 0. Let 
V be a vector field satisfying 

AV + W X V-^=Q, 

where Q is a vector field verifying sup M „ f 1 ~ e ^ 2 \Q\ < +00. Then, 

sup \\V\+Af/ 2 }< sup {\V\ + At e } , 

M < f 2/4 1 J M t2/4 

where A is a uniform constant. 
Proof. First of all, 

A(|Vf) = 2{{AV,V) + |W| 2 ) 

= 2({Q,V) + \V\ 2 /2- (V X V,V) + |W| 2 ) 
> |F| 2 -2|Q||^|-X-|V| 2 +2|V|F|| 2 , 

where we used the classical Kato inequality in the last line. 
Now, A(\V\ 2 ) = 2|V|A|V| + 2|V|F|| 2 . Consequently, 

A(|y|) + <x,v|y|>>|y|/2-|Q|, 

where V does not vanish. Besides, if a is a real number to be chosen later, by 
using © and flU, 

A/° + (Vf,X) = a(a-l)r- 2 |X| 2 + ar- 1 A/ + a|X| 2 r- 1 
= a(a-l)f a - 2 \X\ 2 + af e '- 1 {f + n/2). 
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Let A be a positive real number to be chosen and a := e/2 > 0. Then, 
A(\V\+Af^) + (W(\V\+Ar/%X) > M + ^g_i + £) r i+e/2_ |Q| 

+^-r /2 + ^-(i-e/2)r /2 - 2 R 

> \V\/2>0, 

where A is uniform in t such that 

M^(=- 1 + i)r'+<" 

We conclude by invoking the maximum principle. 

□ 

Remark 5.2. Proposition \ 5.1\ holds as long as the hypersurfaces Mt are well 
defined (if A(<?) < +00, for instance) and that the scalar curvature is positive. 

Theorem 5.3. Let (M™ , g,V /) be a complete EGS such that Ric > and 
A fe (fl l ) < +00, for any k > 0. Let Q be a vector field such that sup M „ f 1 ~ e ^ 2 \Q\ < 
+00 . Then there exists a vector field V such that 

AV + VxV - — = Q, 
V = 0(t e ) onM< t 2 /4 . 

Proof. Let (t m ) m a sequence of real numbers tending to +00. Let V m be a 
solution of the following Dirichlet problem : 

ym 

AV m + V x V m - — = Q, on M<^ /4 , 
V m = on M t?n/4 . 

It is useful to estimate the growth of the vector fields V m to guarantee the 
existence of a convergent subsequence. 

Claim 3. For t G (0, 1) small enough, there exists to and mo such that 

2 sup {Tty £ \v m \< sup r e \v m \ + i, 

for any to > too and t € [to>^m]- 

Proof. Assume on the contrary that there exists a sequence (r m ) m of real num- 
bers tending to +00 with r m < t m such that 

2 sup (rr m )- e \V m \> sup r m ^\V m \ + 1. (12) 

Consider then the vector fields V m := F m /(sup M 2 |F m | +r £ m ). Then y m sat- 
isfies AV m +V x V m -V m /2 = Q m on Af<^ /4 where Q m := Q/(sup Mr2 4 |y m | + 
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r^J. In particular, by proposition sup m sup M< 2 |I^ m | < +00 and by (TT2")) , 

SUPM rri/4 1^1 > ^72. 

We get a contradiction by considering the asymptotic cone of (M n , g) . 

Define g m := r~ 2 g and ^ m := r m V m . By theorem [HI (M n ,g m ,p) m 
smoothly converges to a metric cone C{X oa ) where Xao is a (n — l)-sphere 
endowed with a smooth metric. Moreover, by construction, 

sup sup I V m I g m < +00 and sup \V m \ gm > ^. (13) 

On the other hand, let Y be a smooth vector field with compact support in 
M ami) 9 m := M ar 2 /4.p r 2 / 4 ou0<q;</3<1. Then, by the co-area formula, 



/ 



X-{V n \Y)dn = I j X.{V m ,Y)d» s ds 



Jf<,„ J a 



— j ■ (V m ,Y)(\X\ Jac(0 s _ Qm ))d s d Ma „ 

A. d 

(V m ,Y)— ■ (\X\ Jac(&_ Qm ))dsd/Vr 
as 



Now, 



-^-•(|X|Jac(0 s _ a J) = Jac(0»_ Ora ) [Hs + ^-\X\ 
as \ as 

. ,, ,( TT l + 2Ric(n,n) 
= Ja,c((f) s - am ) [ H s + - 



= Jac(0 s _ Qm ) 

Therefore, 



2|*| 

( 2R + n 



f X-(V m ,Y)d^ = - ( (V m ,Y)(R+^)dn. (14) 
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Moreover, 



/ \" I "ffin 1 Igm^^gm — I ,-\'f„: ' ' ' '.'/.. "I'll 



(i7 m ,A gm y) ffm ^ gra - / (A gm V m ,Y) 9m dv g 



— ' m 


/ 

JM a 


(A g V m ,Y) g d Nm 

rn.Prn 


'771 


s 


(Q m + V m /2,Y) g dn 9m 




L 


X-(V m ,Y) g -(V m ,V x Y) g dfi g , 


= r 2 

m 


s 


(V m ,(fl+n/2)y) 9m ^ Bm +^, 

m,0m 


+r 2 

1 m 


s 


(r,vxy + y/2) 9m ^,„, 



(Q m ,Y) gm dfx g 



where Q m := r m Q m and where we used (|14j) in the last equality. Note that 
X\M rr 2 u converge to rd r /2 for r £ (0, 1]. Since the left-hand side in the last 
identity is bounded and since lim m _ ! . +00 |Q m | flTn = 0, we get in the weak sense, 

yoo 

Vwv V°° = . 

— 2 

on C(X OQ )< : i \ {o} where V°° :— lim m ^ +00 V m is a uniform limit on compact 
of C(Xoo)<i \ {o}. As V°° is continuous, by ( H 5r03| , Chap. 3, section 1) we 
claim that V°° is a strong solution. In particular, 

d r ■ \V°°\ 2 = -\v°°\ 2 . 

r 

Integrating this differential equality gives |y°°| r = (j^j l^°°|r f° r < tq < 
r < 1. By estimates (|T3"]) . we conclude on the one hand that | V°° | ^- < Cr where 
C is a uniform constant in r and on the other hand, |T^°°| T > r e /2, which is 
absurd if r S (0, 1) is small enough. The claim follows. 

□ 

According to claim |3l one has 

sup sup sup t^ly 1 "! < +oo. 

m te[*0,tm] M t2/4 

Indeed, by considering a partition of [£q/4, by intervals [r l+1 i^/4, tH^/A], 

it suffices to check that sup m j sup M ^{r % t^ n / A)~ € \V m \ < +oo. Now, claim[3] 

applied to the points T % t 2 m jA gives 

sup (T i+ H 2 J4)-*\V m \<h sup (rH 2 J^\V m \ + l). 
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By using sup M(2 ^ \ V rn \ — 0, we conclude by induction. 

Therefore, we can extract a subsequence converging uniformly on compact 
subsets to a vector field V satisfying AV + V X V - V/2 = Q and V = 0(t e ). 

□ 



6 Rigidity of the Lichnerowicz equation 

6.0.1 A PDE for the Lie derivative of a vector field 
Proposition 6.1. // a vector field V satisfies 

AV + V x V-^=0, (15) 

then the Lie derivative J£y{g) satisfies the Lichnerowicz equation 

Proof. Consider the flow {4>t)t generated by the vector field V and the family of 
metrics g(t) := 4>* t g. Equation (2.31) of chapter 2 of [CLN06] gives the variation 
of the Ricci curvature at initial time. 

d 

— (-2Ric 9(t) )| t=0 = A L (h)+UesstT(h)-^ div{h) (g) 

= A L (h) - JSf div(ft )_i V tr(h)(fl , ) ) wner e 

Now, in this case h — ^fv(g), so, 

div(/i)- -Vtr(/i) = AV + Bic(V). (16) 
Using equation (fl5|) satisfied by the vector field V and the soliton equation, 
div(/i) - ~ V tr(/i) = AU + V V X - — = [V,X], 

We can conclude : 

-2^V(Ric) = A L (j? v (g)) - j? [v>x] (g). 
With 2 Ric = J?fx(g) — g, one has 

-^V(j&(ff) ~g) = A L (^ v (g))-^ x] (g). 

Hence, 

.£V(<?) - JSSc(jSfV(ff)) = A L (^V( 5 )). 

□ 
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Applying proposition 16 . 1 1 to the vector field X gives 
Corollary 6.2. The Lie derivative Jfx(g) satisfies 

3?x(g) - &x{^x{g)) = A L (^ x {g)). 
Proof. Indeed, the soliton equation and identity (|16p imply, 



AX + \7 X X = AX + Ric(X) 

= div(j2St(ff))--Vtr(jSScO;)) 



= 2divRic-Vi? = 0, 



by the Bianchi identity. The result follows by invoking proposition 16. II 



6.0.2 Analysis of the Lichnerowicz equation 

We begin with a priori estimates of solutions to the Lichnerowicz equation on 
an EGS with nonnegative sectional curvature and positive Ricci curvature. 

Proposition 6.3. Let (M™ , <7, V /) be a complete EGS with nonnegative sec- 
tional curvature and positive Ricci curvature. Let h be a symmetric 2-tensor 
solution to the static Lichnerowicz equation 



Proof. Note first that if h is a symmetric 2-tensor satisfying equation (TT71) then 
the 2-tensor h(r) := (1 + r)ip*h, where (ip T ) r is the one-parameter family of 
diffcomorphisms generated by —X/(l + r), is solution to the dynamical Lich- 
nerowicz equation : d T h = A^h. Moreover, h — Jtfx(g) is a solution to equation 
(fT7|) by corollary O 

Fix t > minM" /• Define A t :— sup{X/h\ := h — A ^fx(g)\M <t > 0}. Since 
/ is proper, M< t is compact. Therefore At is finite and there exists a point 
x € M<t and a unitary vector v € T X M such that h\ t (x)(v,v) = 0. 



1) If x € M t then h\ t (x)(v,v) = = h(x)(v,v) - X t (2m.c(x)(v,v) + 1). In 



□ 



h-^fx(h) = A L h. 



(17) 



Then, for any t > minjvf" / 



sup \h\ < (1 + 2 sup i?) sup | /i | . 



particular 



< 



SUPAf f \h\ 



1 + 2 inf M t Ric ' 



h 



> 




1 + 2 sup Mt Ric 



1 + 2 inf Mt Ric M t 



sup \h\g 



> 



(1 + 2supi?) sup \h\g on M< t . 
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2) If a; € M <t , there exists a neighbourhood U x of x and a time T x > such 
that (U x ,g(t)) te ^ TxtTx] C (M <t ,g), so that on (C4, S , (*))tG[-T 3!) T 3: ], ^A t > 0. 
Since K > and <9 T /iA t = &Lh\ t , we can use a local version of Hamilton's 
maximum principle for system [Theorem 12.50, [CCG + 08] ] to establish that 
ker h\ t is a smooth distribution invariant by parallel translation. As we assume 
Ric > 0, the manifold cannot split. In particular, h\ t = on U x . As M <t is 
totally geodesic, h\ t = on M <t . In particular, for any s < t, 

■ I su Pm, N , , 
A t < 3 — — < sup \h\. 
1 + 2 inf m s Ric m 3 

If s tends to 4, one has \X t \ < sup Mt \h\, therefore, 

h > — (1 + 2supi?) sup \h\g on M< t . 

M t Alt 

The same reasoning as above applied to — h gives the estimate. 

□ 

We are in a position to prove the main theorem of this section. 

Theorem 6.4. Let (M n ,g,Vf) be a complete EGS such that K > 0, A k (g) < 
+oo for any k. Assume the asymptotic cone is isometric to (C(S™ _1 ), dt 2 + 
(ct) 2 ggn-i) ,with angle c € (0, 1). Let h be a symmetric 2-tensor solution to the 
static Lichnerowicz equation with linear growth, i.e. 

h-^ x (h) = A L h, sup \h\ = 0{t). (18) 
Then there exists Asl such that h — Xjgxid)- 

Remark 6.5. The proof of theorem \6.J\ only uses the fact that the section of 
the asymptotic cone has positive Ricci curvature. Moreover, theorem \6.J\ is still 
true if one only assumes that h has polynomial growth. 

Proof. Consider as in |Brel2j . 

A(t) := inf sup \h - \J£x(g)\- 



If there exists a sequence (t m ) m tending to +oo such that A(t m ) = for any 
to then there exists a sequence (A m ) m such that h — X m ^fx(g) — on M t i u 
hence on M <t i u by proposition 16.31 applied to the solution h — A m jzfx(ff)- As 
^fx(g) is invertible, the sequence (A m ) m is constant and the result is proved. 

Assume on the contrary that A(t) > for any t large enough. By linear 
growth, A{t) — 0(t 2 ). Consequently, if a 6 (0, 1) and r £ (0, 1), there exists a 
sequence (t m ) rn tending to +oo such that for any m, 

A(rt m ) > {ar 2 )A{t m ). 
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Fix a and r in (0, 1) such that olt 2 > l/\2. (*) 

Consider now the sequence of symmetric 2-tensors which are solution to the 
Lichnerowicz equation, 

where A m is chosen such that A{t rn ) = sup Mt2 ^ \h—X m «5?x(<?)|- By proposition 



16. 3\ h m satisfies for any t < t m , 

sup \h m \ g <C(t m ) sup \h m \ g = C(t m ), 

A/ t 2 /4 M *?„/4 

where lim tm ^ +oc C(t m ) = 1. 

Define then g m := t~ 2 g et /i m := i~ 2 ft™. h rn verifies for t < t m , 

sup \h m \ gm < C(t m ), sup \h m \ 9m = 1, 
inf sup \h m - \3? X {g m )\g m > olt 2 . 

AGRM ( Ttm ) 2 /4 

By assumption, (M n ,g m ,p) m smoothly converges to (C(§™ -1 ), dt 2 + (ct) 2 g sn -i) 
with angle c g (0, 1). Moreover, h m satisfies h m — J£x{h m ) — Ajji m . Now, using 
the soliton equation, 

J? X (h m )(:r) = V X h m (;-)+h m (V.X,-)+h m (;V.X) 

= V x r(, ■) + h m (Ric(-), ■) + /i m (-,Ric(-)) + h m (; •). 

Therefore, 

-V x h m = A g h m + Rm{g) * h m , 

where (Rm(j) * h> m )ij := 2Rxa{g)ikijh™ l , we conclude that h m satisfies 

A gm h m + t 2 m Rm(g)*h m = -t 2 m V x h m . (19) 

As in the proof of thcorcm l5.31 we conclude that h m converges to a symmet- 
ric 2-tensor defined on the asymptotic cone (Coo, #00) := (C(S I1_1 ), dt 2 + 
(ct) 2 g §n -i) satisfying 

sup |/ioo| 9oo = 1, inf sup \hoo - A ££ rd r / 2 (s , oo )| ffoo > «t 2 , 

Coo,! AGR C oc , T 2 

where Cx,,*- means the section of the asymptotic cone of height r. Since ££ t q t 72(^00) 
3oo, one has 

inf sup |/ioo - Agoo| goo > ar 2 . 

Taking the limit in equation (|19p gives 

V raT . /2 /ioo = 0, Ag^hoo + Rm(g 00 ) * = 0. (20) 
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As /too is parallel along the radial vector field d r , we can decompose hoc as 

hoo — h\ + h 2 ® dr + dr ® h 2 + h 3 dr (g> dr, 

where hi is a symmetric 2-tensor on Coo,i, ^2 is a 1-form defined on Coo,i and 
/13 is a fonction on C^ x. Now, C^i is isometric to the sphere §™ _1 of radius 
c and 

, \ 1 \ f if i = d r or j = d r 

(IMffoo) = I 1/c2 _ 1 

Therefore, projecting equation 1201 gives 

1 





_ ± hi 


+ 2| 






= 0, 


A c 2 S s „ 




= 0. 



Consequently, /13 is a constant function. 
Claim 4. ft 2 = 

Proof. As is harmonic on a compact manifold, it is parallel. Indeed, if we 
denote A := A c 2 gsn _ 1 , 

A\h 2 \ 2 = 2(\Wh 2 \ 2 + (Ah 2 ,h 2 )) 
= 2\Vh 2 \ 2 . 

Integrating on C^i, Stokes theorem gives the result. In particular, h 2 is a 
closed 1-form. Therefore, 

A d h 2 = dd*h 2 = -Ah 2 + Ric c2flsn _ 1 (h 2 ) = Ric c 2 ffsn _ 1 (h 2 ), 

where A^ is the Hodge Laplacian. Integrating by part provides 



/ Ric c 2 gsnl (h 2 ,h 2 ) = / (h 2 ,dd*h 2 ) = - \d*h 
As c 2 g§n-i has positive Ricci curvature, we conclude that h 2 — 



2 
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□ 



Claim 5. hx = 



Proof. The traceless part of /ii satisfies A c 2 g n _ 1 h% = 0. Hence, Tii is parallel. 

o 

As Coo,! is irreducible, h± — 0. Consequently, 



tr/ii , 2 



71 - 1 



(c gs»-i). 
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Since, Vg^/ioc = 0, 



A s J/ioo| 2 =0, 



where C^afi is the slice of the asymptotic cone between the heights a and b, 
for < a < b < 1. So, 

= / (A Soo / loo ,fe 00 ) + |V/i 00 | 2 (21) 
= / -(Rmteoo^/ioo./ioo) + |V/ioo| 2 . (22) 



Now, on Coo !r , 



(Rm(goo) * /loo, /loo) — Rm(goo)ifcij^oo,fc2^oo,ij 



= ^ - *) [( tr/l °° - h^d^dr)) 2 ~ {\h x \ 2 - (h^dr)) 2 )] 

Therefore, 

(Rm(5oo) * /loo, ^oo) = 0. (23) 

(|22l) and ([2U| show that /loo is parallel so that tr hi is constant and verifies 
A c 2 g b _ 1 tr/i! + 2 (4j- — l) (tr/i^n — 1) = which is possible only if tr hi = 0. 

□ 

Finally, /loo = h^dr (g) <ir where /13 is a constant satisfying sup Coo 1 |/ioo| = 
I/13I = 1. In conclusion, 

inf sup I /ioo - A^ooL = inf ^/ (/i 3 - A) 2 + A 2 

N 1 . 2 
^2 V2 



which contradicts the assumption (*). 



7 Conclusion 



□ 



Proof of theorem \l.3[ We apply theorem [53] to Qi := AUi+V xUi — Ui/2 where 
Ui is given by proposition ^. 41 Therefore, there exists a vector field Vi such that 



AUi + V x Ui -^- = AV t + V x Vi - y , Vi= 0(/ £ ). 
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Consequently, the vector field Wi := U l — Vi satisfies AWi + V xWi — Wi/2 = 0. 
On the one hand, the growth of Vi and the estimate (fTTj) imply 



(W u Wj)dfip/4 = n AVR(. 9 )r +1 (5 ii + Oi^- 1 ). 

i 

On the other hand, if we define Wj(r) := ip*Wi where ip T is the one- 
parameter family of diffeomorphisms generated by — X/(l+r) for r G (— 1, +00), 
Wi(r) satisfies the following heat equation : 

d T Wi(T) = -^ x/{1+t) W 1 (t) = --^—[X,W 1 {t)] 

1 + T 



l+T 

= A 9(T) Wi(T) +Ric ff(r) (Wi(r)). 
Classical estimates for parabolic equations give the following : 
sup |VWi(0)| s ( ) < C sup sup \W l {T)\ g{T) . 

M *2/4 re[-l/2,0] M t2/4 _ M 2 /4+t 

Definition of Wi, (m) of proposition 14.41 and theorem 15.31 imply that the growth 
of covariant derivatives VWj is linear. 

Now, hi := S^wSs) is solution to equation (fl7|) . Therefore, by theorem 16. 4[ 
there exist real numbers Xi such that hi = \iJ£x{g), i-e. J£W»(<7) — K^fx(g)- 
To sum it up, we have built n(n — l)/2 Killing vector fields Wi := XiX — Wj. 
We conclude that 

[W h X\ = V^.X- VxWi = Ric(W-i) + ^ - VxW 

= ^ - AVK, - VxW = 0. 

Now, we check that these vector fields are orthogonal to X by using [Wi, X] = 0. 

2Hess(W i ,X) = 2 Hess ^(/) = 2 _Sffo (Hess /) 

= J2ffo (jgfit (5)) = (jSf^ (5)) = °- 

In particular, functions (Wj,X) have a gradient of constant norm. Via 
Bochner formula, 

= A ^ V ^' X )| 2 ^| = |Hess(^,X)| 2 + Ric(V(^,X),V(^,X)) 

+(VA(W i ,X),V(W i ,X)) 
= Eic(V(Wi,X),V(Wi,X))>0, 
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except if V(Wj, X) = 0. So, functions (Wi, X) are constant and therefore vanish 
since X = at the point where / attains its minimum. Moreover, these n(n — 
l)/2 Killing vector fields orthogonal to X satisfy 

/ (WuWJdntyt = f (WuWjdw/i-Xi I (X,W 3 )dfi t 2 /4 
= nAVR(g)t n+1 S ij + 0(t n+e ). 

This ends the proof. 

□ 
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